In order to investigate dynamic characteristics of steel-concrete composite box beams, a longitudinal warping function of beam section considering self-balancing of axial forces is established. On the basis of Hamilton principle, governing differential equations of vibration and displacement boundary conditions are deduced by taking into account coupled influencing of shear lag, interface slip, and shear deformation. The proposed method shows an improvement over previous calculations. The central difference method is applied to solve the differential equations to obtain dynamic responses of composite beams subjected to arbitrarily distributed loads. The results from the proposed method are found to be in good agreement with those from ANSYS through numerical studies. Its validity is thus verified and meaningful conclusions for engineering design can be drawn as follows. There are obvious shear lag effects in the top concrete slab and bottom plate of steel beams under dynamic excitation. This shear lag increases with the increasing degree of shear connections. However, it has little impact on the period and deflection amplitude of vibration of composite box beams. The amplitude of deflection and strains in concrete slab reduce as the degree of shear connections increases. Nevertheless, the influence of shear connections on the period of vibration is not distinct.
Introduction
The advantages of fully making use of compressive strength of concrete and tensile strength of steel make composite box beams popular in the bridge engineering. For composite box beams with large flange width, however, there are shear lag effects in the top concrete slab and bottom plates of steel box beams due to the nonuniform transverse distribution of shear stress across section. In addition, due to the fact that the shear connectors between the steel beam and concrete slab cannot be absolutely rigid, there exists relative slip between them even for fully shear connected beams. Therefore, the behavior of steel-concrete composite box beams suffers from coupled effects of both the shear lag and shear slip [1] [2] [3] [4] [5] . Gara [6, 7] presented a beam finite element, in which the warping of the slab cross section was considered, for the long-term analysis of steel-concrete composite decks taking into account the shear lag in the slab and the partial shear interaction at the slab-beam interface. By using energy variation method, Zhou et al. [5] derived the governing differential equations and boundary conditions of the steel-concrete composite box beams by considering the longitudinal warp caused by shear lag effects and slip between steel beams and concrete slabs.
Morassi and Dilena [8] [9] [10] investigated an experiment on damage-induced changes in modal parameters of steelconcrete composite beams subject to small vibrations, and the experiments revealed that flexural frequencies showed a rather high sensitivity to damage and therefore can be considered as a valid indicator upon a diagnostic analysis. Therefore, it makes sense to study the vibration characteristic of composite beam. Adam et al. [11] analyzed the dynamic flexural behavior of elastic two-layer beams with interlayer slip by assuming the Bernoulli-Euler hypothesis to hold for each layer separately and considering a linear constitutive equation between the horizontal slip and the interlayer shear force. Biscontin et al. [12] performed an experimental analytical investigation on the dynamic behavior of I-steelconcrete composite beams subject to small vibrations, and a one-dimensional model of a composite beam was presented where the elements connecting the steel and reinforced concrete slab were described by means of a strain energy density function defined along the beam axis. Berczyński [13, 14] presented a solution of the problem of free vibrations of I-steelconcrete composite beams and found that the results obtained on the basis of the Timoshenko beam theory model achieved the highest conformity with the experimental results, both for higher and for lower modes of flexural vibrations of the beam. Xu and Wu [15] investigated the static, dynamic, and buckling behavior of partial-interaction T-composite members by taking into account the influences of rotary inertia and shear deformations and obtained the analytical expressions of the frequencies of the simply supported composite beam. Shen et al. [16] studied the dynamic behavior of partialinteraction T-composite beams by using state-space method, which was properly established via selecting the appropriate state variables, and the characteristic equations of frequency and the corresponding modal shapes of free vibration under generalized boundary conditions were then obtained. Shen and Zhong [17] examined the deformation of partially I-steelconcrete composite beams under distributed loading and free vibrations of partially I-steel-concrete composite beams under various boundary conditions, where the weak-form quadrature element method was used.
Considerable efforts have been put into the investigation of dynamic characteristics of composite beams including interface slip effects [18] [19] [20] [21] [22] . Most of studies focus on the Isteel beam-concrete composite beams or T-type composite beams. The studies about the dynamic characteristics of composite box beams are rare, especially the studies involving both the interface slip and shear lag in the dynamic characteristics. Based on a longitudinal warping function considering self-balancing of axial forces and the Hamilton principle, this paper deduces the governing differential equations of dynamic responses of composite box beams under arbitrarily distributed loads. It takes into account the influence of shear lag, interface slip, and shear deformation. The equations are solved by central difference methods. Numerical studies are carried out and a good agreement is achieved between results from the proposed method and finite element method using ANSYS. The influences of the shear lag effect and the degree of shear connections on the dynamic responses of composite box beams are examined and meaningful conclusions for engineering design are drawn. Figure 1 shows the section size and coordinate system of composite box beams. The parameters 1 , 2 , 3 , 4 , and * 4 are the thicknesses of the top concrete slab, cantilever plate, bottom plate, web, and top flange of steel box beam, respectively; the parameters 1 , 2 , 3 , 4 , and * 4 are the widths of half-top concrete slab, cantilever plate, half-bottom plate of steel beams, web of steel beams, and top flange of steel beams, respectively; the parameters ℎ and ℎ are the distances between the centroids of the concrete slab and steel beam to the slab-beam interface, respectively, and here (1) According to the displacement compatibility, the longitudinal warping function of concrete top slab, cantilever plate, bottom flange, and web of steel beams is assumed as [5, 23, 24] 
Basic Assumptions
= (
Considering self-balancing of axial forces produced by longitudinal displacement yields [5, 23, 24] 
Considering self-balancing of axial forces produced by longitudinal warping function yields [5, 23, 24] 
Substituting (2) into (4) obtains the constant term of longitudinal warping displacements as follows:
For = 2, replace with = 1 + 2 − . and are the -coordinates of centroids of the concrete slab and bottom flange; 0 is the -coordinate of the slab-beam interface; is the constant term of longitudinal warping displacements; ( , ) is the function of the amplitude of warping displacements; is the warping shape function of the beam section, as shown in Figure 2 ; is the self-balancing coefficient of section warping; = / , and and are the modulus of elasticity of steel and concrete, respectively;
Mathematical Problems in Engineering (2) The longitudinal displacement of any point in the transverse section of composite box beams is assumed as the superposition of the longitudinal displacement based on the plain section assumption, the longitudinal warping displacement due to the shear lag, and longitudinal displacement due to the relative interface slip. It can be expressed as [5, 23, 24] 
where ( , ) is the rotation of the beam section, = 2 4 4 , = 3 + 4 is the cross section area of steel beams, = 1 + 2 is the cross section area of concrete slabs, ( , ) is the longitudinal displacement difference between centroids of the concrete slab and steel beam, ( , ) is slab-beam interface slip, is the -coordinate of the centroid of the steel beam, is the ratio between steel beam's longitudinal displacement due to the relative interface slip and relative interface slip, and is the ratio between concrete slab's longitudinal displacement due to the relative interface slip and relative interface slip.
(3) The vertical compression and transverse strain of concrete slabs and steel beams are ignored [5, 23] .
Vibration Differential Equation and
Boundary Conditions 
where ( = 1, 2, 3, 4) are the longitudinal strain of the top concrete slab, cantilever plate, bottom flange, and web of steel beams, respectively; ( = 1, 2, 3) are the shear strain of top concrete slab, cantilever plate, and bottom plate of steel beams, respectively; is the shear strain of the web of steel beams; ( , ) is the vertical deflection of composite box beams.
Total Potential Energy of the Composite Box
Beam. The strain energy of composite box beams is defined as [5] = 0.5 ∫
Substituting (10)- (11) into (12) gives the strain energy of composite box beams as
, and is the correction coefficient of shear deformation. Considering that the webs bear most of the vertical shear force in section, here the value of is taken as 0 /(2 4 4 ), and 2 4 4 is the section area of webs; sl is the slip stiffness between the concrete slab and the steel beam; is the span of the composite box beam; is the shear modulus of the steel beam.
The kinetic energy of the composite box beam is [5]
Substituting of (7) and (8) yields
+ , and and are the density of concrete slabs and steel beams, respectively.
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The work done by the external loads can be expressed as
where ( , ) is the distribution function of arbitrary load.
Vibration Differential Equation and Boundary Conditions.
The governing equations of vibration of composite box beams and corresponding boundary conditions can be deduced based on Hamilton principle as
Taking a simply supported beam as example, (21) (32)
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The difference calculation of boundary conditions yields
The difference calculation of initial condition yields
Solution
Step. Let U = { 0 , 1 , . . . , } , = { 0 , 1 , . . . , } , w = { 0 , 1 , . . . , } , and 
Degeneration of the Vibration Differential Equation.
Likewise, the governing equations of vibration of composite box beams and boundary conditions without shear lag effects can be deduced as
For beams with two ends simply supported, the boundary conditions can be expressed from (41) The vibration differential equation of composite box beams, without considering shear lag effects, is a degeneration of the one considering the shear lag effects, the solution method of which can be referred to in Sections 4.1 and 4.2.
Analysis of Examples
The validity of the proposed method is verified by comparing to numerical results from finite element method. The commercial finite element software ANSYS is used in this study. In the finite element model, the concrete slab and steel beam are modeled by SOLID65 and SHELL43 elements, respectively. Shear connector is modeled by COMBIN14 elements, being spring elements [25] . The aspect ratio of the mesh is kept close to one throughout, the mean mesh size varies from 0.2 m to 0.3 m, and about 9200 finite elements in total are employed. The transverse distributed loads are imposed on the top flanges. The translational and degrees of freedom of all nodes at two ends of beams are restrained. The torsion at the beam ends is thus restrained. The translational DOF of the left end is restrained to meet the static determined requirement and allow rotation along the moment. The results are shown in Figures 3 and 4 .
The sl is calculated as [5, 23, 24] sl = 1 . The spring parameter of the COMBIN14 elements can be calculated as [25] 
The degree of shear connections is calculated as [5] = ,
where is the spacing of shear connectors; is the degree of shear connections; is the tensile strength of steel beams; is the number of connectors across the beam section; is the ultimate shear strength of a single shear connector. From Figures 3 and 4 , it can be seen that the results from the proposed method agree well with those from ANSYS for different degrees of shear connections. This verifies the accuracy of the proposed method and some meaningful conclusions for engineering design can be drawn as follows.
(1) For various degrees of shear connections, the vibration period of composite beams with and without shear lag effects is almost the same which indicates that the shear lag and shear connection degree have little impact on the vibration period.
(2) The larger the degree of shear connections, the smaller the amplitude of deflection.
(3) The influence of the shear lag on the amplitude of deflection is not significant, indicating that it has little effect on the deflection of beams. connections, which indicates that the shear connection degree has a great effect on the longitudinal strain of concrete slab. Nevertheless, the longitudinal strain in the steel beam bottom plate changes little with an increment in the degree of shear connection.
Conclusions
(1) Numerical analyses are carried out to verify the accuracy of the proposed theory. The comprehensive considerations of shear lag, shear deformation, and interface slip yield an accurate prediction of dynamic responses of composite box beams. (2) The degree of shear connections has little impact on the vibration period of composite beams but has significant impact on the amplitude of deflection of composite beams. Nevertheless, the shear lag effect has limited contribution to the deflection or the vibration period of composite beams. (3) The longitudinal strain in the concrete slabs and bottom plate of steel beams shows an obvious shear lag effect. (4) The longitudinal strain in the concrete slabs reduces greatly with increasing shear connection degree. Nevertheless, the longitudinal strain in the steel beam bottom plate changes little with an increment in the degree of shear connection.
